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Abstract: We provide a feasible and compact scheme to control and stabilize the 
spatiotemporal dynamics of BAS lasers. The proposal is based on the ability of non-Hermitian 
potentials with given local symmetries to manage the flow of light. A local PT-symmetric 
configuration allows to control, enhance and localize the generated light. We impose a pump 
modulation, with a central symmetry axis which induces in-phase gain and refractive index 
modulations due to the Henry factor. Both modulations are, in turn, spatially dephased by an 
appropriate index profile to yield to a local PT-symmetry within the modified BAS laser. Such 
local PT-symmetry potential induces an inward mode coupling, accumulating the light 
generated from the entire active layer at the central symmetry axis, which ensures spatial 
regularization and temporal stability. By an exhaustive exploration of the modulation 
parameters, we show a significant improvement of the intensity concentration, stability and 
brightness of the emitted beam.  This approach produces a two-fold benefit: light localization 
into a narrow beam emission and the control over the spatiotemporal dynamics, improving the 
laser performance. 
 
Broad Area Semiconductor (BAS) amplifiers and lasers are prevalent and trustworthy light 
sources, used for many applications ranging from biomedicine [1] to telecommunications [2]. 
Their main advantage is the compactness and the high conversion efficiency, while their major 
drawback is the relatively low spatial and temporal quality of the emitted beam [3,4]. The 
fundamental phenomenon that induces spatiotemporal instabilities is Modulation Instability 
(MI) [5]. This intrinsic instability and the nonlinear modal interaction lead to complex 
spatiotemporal dynamics and filamentation, a disruption of the field into multiple filaments, 
limiting possible applications [6,7]. The stabilization of these devices is achieved by 
considering different schemes, some of which propose the introduction of spatial [8,9] or 
spatiotemporal modulations [10]. Besides, another study introduces a spatial non-Hermitian 
potential in BAS amplifiers, with a double spatial modulation of refractive index and pump, 
leading to a substantial improvement of the spatial quality of the beam [11]. Also, vertical-
external-cavity surface-emitting lasers with external flat mirrors can be stabilized by applying 
a periodic spatiotemporal modulation of the pump current [12].  More recently, attention was 
paid on a specific kind of non-Hermitian systems, holding PT-symmetry [13]. In such materials, 
the complex refractive index fulfils: n(x) = n*(-x) i.e., the real part representing the refractive 
index is symmetric while the imaginary part representing gain-loss is antisymmetric in space. 
In periodic PT-symmetric media index and gain-loss modulations are dephased by a quarter of 
the wavenumber of the modulation. Such systems hold maximum asymmetric mode coupling 
at the PT-symmetry breaking point, or exceptional point, when the gain-loss and refractive 
index modulation amplitudes are balanced [14,15].  In optics, global or local PT-symmetry lead 
to unconventional beam dynamics arising precisely from the asymmetric mode coupling, such 
as the unidirectional light transport following arbitrary vector fields [16,17]. Therefore, we here 
propose that local PT-symmetry could also be applied to regularize the spatiotemporal 
dynamics of BAS lasers, while improving stability through unidirectional mode coupling. 
 In this letter, we apply a local PT-symmetric potential to control the spatiotemporal 
dynamics of BAS lasers by localizing the light generated in the entire active layer into a narrow 
central beam. The typical complex emission from BAS sources is unstable both in space and in 
time domains, as shown on Figs. 1.a. The proposal is to regularize and control the emission in 
modulated BAS, as shown in Fig. 1.b, leading to a narrow beam emission which is expected to 
be useful for a large variety of practical applications.  
 
Fig.  1. BAS emission, schematic illustration: (a) complex irregular spatial pattern emitted from 
a conventional BAS source, (b) bright and narrow beam emission from a modified BAS with 
local PT-symmetry with pump and effective refractive index modulations as shown in (c). (c) 
Scheme of the transverse spatial distribution of the local PT-symmetric potential, with balanced 
gain (in brown) and effective refractive index (in blue) modulations, for different configurations.  
A possible implementation could consist on a simple patterning of the electrodes [19] for the 
pump modulation and using well-known techniques as metallo-organic molecular beam epitaxy 
[20] to structure the substrate. 
 
BAS semiconductor sources, amplifiers and lasers, are generally described by stationary 
models including field and carriers [21] or, alternatively, by mean field models including 
temporal evolution [22]. A different approximation for BAS amplifiers is given by the optical 
field propagation along the semiconductor, while carrier and field dynamics is neglected. 
Previous studies on local PT-symmetry were similarly performed considering strongly 
simplified stationary models and only considering forward field propagation in a paraxial 
approximation [17].  
 
These simplifications become inadequate for the spatial regularization and temporal 
stabilization of BAS lasers that requires a spatiotemporal calculation of field and carriers. Thus, 
we develop a new integration scheme taking advantage of the different time scales of the cavity 
round trip time and carrier’s relaxation time. Every integration step combines the field 
propagation in one cavity round trip assuming constant carriers and the temporal integration of 
carriers, considering an already stabilized field. The following BAS source representation 
obtained from well-known models [21, 22], allows us to integrate along the cavity the field 
amplitude envelope, A, ―composed by the forward, A+,  and backward, A- , fields―, and to 
integrate carriers, N, in time:  
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and where 𝑘0 is the wavevector, n  the refractive index, 𝑠 a parameter inversely proportional to 
the light matter interaction length, ℎ the Henry factor or linewidth enhancement factor of the 
semiconductor, α corresponds to losses, 𝛾 is the carriers relaxation rate, 𝑝0 is the pump, and 𝐷 
is the carrier diffusion. The polarization of the semiconductor is adiabatically neglected (as 
typically considered for class B lasers). Finally, Δp(x,z) and Δn(x,z) represent the pump and index 
modulations, respectively. We assume a symmetric harmonic transverse modulation of the pump in the 
form:  Δp(x,z) = m1 sin (qx|x|+Φ) where 𝑞𝑥 = 2𝜋 𝑑⊥,⁄  being 𝑑⊥the transverse period, and m1 the 
amplitude of the pump modulation (z is the propagation direction). Such pump modulation, 
with symmetry axis at x =0, induces in turn an in-phase refractive index modulation trough the 
Henry factor, h. Therefore,  the introduced harmonic refractive index Δn(x,z) = m2 cos (qx|x|+Φ) 
+ m3 sin (qx|x|+Φ)  is written in two terms, where the second one is intended to compensate the 
induced index modulation and the first to render the refractive index in quadrature with the gain 
modulation.  The symmetry axis at x = 0 divides the system in two half-spaces, both holding a 
global PT-symmetry. Such potential is expected to couple the transverse modes 
asymmetrically, promoting the inward coupling, enhancing and localizing light at axis. Hence, 
the modulated BAS system depends on four parameters, namely the three modulations 
amplitudes (m1, m2, m3) and the phase, Φ that controls the character of the center ― in Fig. 1.c 
the modulation profiles correspond to: Φ=0 (left), Φ = π/4 (center) and Φ = π/2 (right) ―. 
 
We preliminarily analyze a BAS amplifier with real parameters as a proof of concept of the 
regularization scheme based on local PT-symmetry, before considering the management of 
radiation from laser sources. 
 
The local PT-symmetric BAS amplifier is modelled by the system of equations (1), only 
assuming a forward propagating field, i.e. 𝐴− = 0 . The spatiotemporal integration of the 
unmodulated BAS exhibits both inhomogeneous spatial and unstable temporal behaviors (Figs 
2.a and 2.b). Introducing the above-mentioned pump and refractive index periodic modulations 
with PT-symmetric profiles, the BAS radiation emission may be regularized to enhance and 
spatially localize light at the symmetry center, x = 0, resulting into a bright and narrow BAS 
amplifier emission (Fig. 2.c). Moreover, in addition to the spatial regularization, the field 
becomes temporally stable, as shown in Fig. 2.d. Therefore, local PT-symmetry has a direct 
impact on both spatial and temporal stability.
  
To assess the performance of the proposed modulated BAS amplifier, we evaluate the axial 
concentration factor, as a figure of merit of light localization, defined as the central intensity, 
I0=I(x=0), over the averaged intensity: 0 ( ) .c I I x    We explore the parameter space of the 
index modulations amplitudes m2 and m3, for a fixed value of the pump modulation amplitude, 
m1, and a fixed phase, Φ = 0. We expect that for particular parameters, the inward coupling 
localize light around the symmetry axis, while the central index maximum contributes to induce 
a guiding effect. The results are summarized on Fig. 2.e. In this scheme, depending on the sign 
of the product m1·m2, we may expect regions of inward or outward mode coupling. The inward 
coupling (m1·m2 > 0) leads to an accumulation of the field around the center, which is 
maximized for a particular value of the counterbalancing amplitude: m3 (being also m1·m3 < 0). 
Note that the maximum energy localization is expected for balanced gain and refraction index 
modulations in a local PT-symmetric potential [17]. Indeed, for m1 > 0, we observe the 
maximum confinement for positive m2 and negative m3 values, see Fig. 2.e. For m2 < 0 the 
concentration factor is below 1 indicating the field at the center is lower than the average, 
2
2
2 2 2
2
0
0
2
0
[(1 ) (1 )] ( , )
2
( ( 1) | | ( , ) )
where | | | | | |
A i A
s ih N A i n x z k A
z k x
N
N N A p p x z D N
t
n
A A A
 
 
 
 
       
 
       







consistent with the outward coupling. Finally, Fig. 2.f depicts the transverse beam intensity 
profile for three particular situations, corresponding to the same values for m1 and m3 but for 
positive, zero and negative values of m2. We may observe that when the modulations induce an 
inward coupling light is localized and strongly enhanced at the center. On the contrary, when 
index and gain modulations are in phase (m2=0) the coupling is symmetric, and the field is 
homogeneously distributed, and when coupling is outwards (m2<0) intensity at the center is 
reduced. 
Fig. 2. Unmodulated BAS amplifier: (a) spatial intensity (arbitrary units) distribution and (b) 
temporal evolution of the intensity for p0 = 1.23. Local PT-symmetric BAS amplifier: (c) spatial 
field localization, and (d) stable, bright and narrow emission for m1 = 0.5, m2=0.021 and m3 = -
0.029, with Φ = 0 and p0 = 1.23. (e) Axial concentration factor map in (m2, m3) space for m1 = 
0.5. (f) Transverse cuts of the intensity distributions, at z = L, normalized to the mean intensity, 
for three representative points of the map, corresponding to: (I) PT-symmetric distribution 
leading to inwards mode coupling, m2 = 0.021 and m3 = -0.033; (II), symmetric mode coupling, 
in phase gain and index modulation m2 = 0 and m3 = -0.033; (III) local PT-symmetric distribution 
leading to outwards mode coupling m2  = -0.021 and m3  = -0.029. Other integration parameters: 
L=640m, α = 0.1, m-1, h= 2.0, s = 0.01 m-1, qx = 1.2566 m-1, k0 = 2π m-1, D = 0.03 cm2/s.  
 
The BAS laser is also described by the system of equations (1) where the field components, A+ 
and A-, are related by the corresponding boundary conditions A+(x,  z=L, t)=  rL A
- (x, z = L, t)  and 
A- (x, z = 0 , t ) =  r0A
+ (x , z = 0, t ). Where L is the semiconductor length and r0/L are the corresponding 
reflection coefficients of the cavity mirrors at z = 0/L, respectively, see Fig. 3.a.
 
 
 
We start by assessing the laser emission in the simplest homogeneous and stationary state 
for the unmodulated case. The solution only depends on mirror reflectivities, homogeneous 
pump, losses and s parameter. Assuming: ∇2𝑁 = 0; 
𝜕2𝐴
𝜕𝑥2
= 0, ∆𝑛 = 0 and ∆𝑝 = 0  , the 
adiabatic state of carriers becomes : N = 
𝑝0+|𝐴|
2
1+|𝐴|2
, a function of the field intensity 𝐼± ≡ |𝐴±|2 =
𝐴±𝐴±∗. Therefore, forward and backward field intensities 𝐼±(𝑧) , the total intensity I=I++I- and 
the output intensity Iout, are evaluated by the propagation equation: ±𝜕𝐼±/𝜕𝑧 =
1+𝐼±
2𝑠[(𝑝0−1−𝛼)𝐼
±−𝛼𝐼±
2
]
 with analytic solution: 𝑔[𝐼±(𝑧)] =  𝑔[𝐼±(0)] ± 𝛽(𝑧) , where 𝑔[𝐼±(𝑧)] =
 (𝑝0 − 1) 𝑙𝑛(𝐼
±(𝑧) − 𝑝0 + 𝛼 + 1) − 𝛼 𝑙𝑛 (𝐼
±(𝑧)) and  𝛽(𝑧) = 2𝑠𝛼(1 + 𝛼 − 𝑝0)𝑧.  
 
The resulting pump threshold, total intensity inside the cavity (Fig.3a,b) output intensity 
(Fig.3c) as well as carrier distributions determines the working regime of the unmodulated BAS 
laser, which will be considered as initial conditions in the spatiotemporal integration of the PT-
symmetry BAS laser and further used for comparison. 
 
Fig.  3. (a) Forward, backward and total field intensity between mirrors of an unmodulated BAS 
laser with p0 = 1.5, r0=0.99 and rL=0.04. (b) Map of the total intensity inside the cavity for z=L, 
and (c) map of the output intensity, Iout, as a function of pump p0 and mirror reflectivity rL with 
r0=0.99. Red lines indicate the laser pump threshold and orange dashed lines locate rL=0.04. The 
integration values are the same as in Fig. 2, except:  m1=m2= m3 = 0.  
 
The effect of the phase, Φ, is more critical for the case of the local PT-symmetric BAS laser, 
due to the feedback introduced by the cavity. In this case, Φ=/4 turns out to be the optimum 
situation for field concentration at the center because gain-maxima are located closer to the 
center while an index relative maximum is still present at x = 0 preserving an index guiding 
effect. While for Φ= 0 and Φ = /2, larger values of m2 and m3 are needed to obtain an effective 
inward coupling, for Φ = /4 the effect is maximized for lower modulation amplitudes. The 
values of the rest of parameters (α, h, s, qx, k0, D) are the previously considered for the BAS 
amplifier. We introduce the same pump and refractive index modulations of the amplifier case 
to induce a PT-symmetric potential, fixing the amplitude of the pump harmonic modulation to 
m1 = 0.5. m2 and m3 are adjusted to simultaneously compensate the (in phase) refractive index 
modulation induced by the Henry factor and to introduce the shifted refractive index 
modulation. Indeed, we observe that the BAS laser radiation can be regularized, and the field 
concentrated within a spatially stable central narrow beam as shown in Fig. 4.a. Moreover, the 
laser emission may also be stabilized in time, as shown on Fig. 4.b. The intricate spatial patterns 
and unstable temporal behavior of the complex dynamics of the same unmodulated BAS laser, 
provided in the inset in Figs. 4.a and 4.b, are now regularized. 
 
Next, we perform a comprehensive exploration of the axial concentration, the results are 
mapped in Fig. 4.c. We observe regions of maximal localization for m2 > 0 and m3 < 0, when 
the coupling is inwards, analogous to the case of the amplifier, achieving a significant 
concentration. We note that the required m2 and m3 amplitudes are smaller than for the 
amplifier. This is attributed to the long effective cavity length 
0/ (1 )(1 )LL r r   with a value about 
102·L for the considered reflectivities, see Fig. 4d. Finally, it is worth to remind that since we 
here assume Φ = /4 the area of maximal axial concentration, mapped on Fig. 4.c, is slightly 
shifted as compared to Fig. 2.e. 
 
 
Fig. 4. (a) Localized spatial intensity distribution (in W/cm2) within the modulated BAS laser 
and (b) temporal evolution of the narrow beam emission from the modified BAS with m1 = 0.5, 
m2 = 0.0048 and m3 = -0.0143 with p0 = 1.23, Φ =  /4, 𝑟0 = 0.99 and 𝑟𝐿 = 0.9. The insets depict 
the inhomogeneous laser spatial intensity pattern and unstable laser emission of the unmodulated 
case , respectively. (c) Axial concentration factor map for m1 = 0.5, in (m2, m3) parameter space. 
(d) Intensity distribution transverse cuts, at z = L, normalized to the mean intensity, for three 
representative points corresponding to: (I) m2 = 0.0143, m3 = -0.0143, (II) m2 = 0.0048, m3 = -
0.0143, (III) m2 = 0.0048, m3 = -0.0072. (e) Temporal stability map of the PT-symmetric BAS 
laser: amplitude of the temporal intensity oscillations. (f) Temporal evolution of the emission 
for the previous three representative points, (I) and (III) achieve a temporally stable regime while 
(II) corresponding to a pulsed regime. All other integration parameters are the same as in Fig. 2.  
 
 
In addition, we assess the temporal stability of the emitted narrow beam by mapping the 
temporal oscillations of the peak intensity. Inspecting Fig. 4.e, we observe that not all the spatial 
concentration region on Fig. 4.c is temporally stable, yet there is a wide range of parameters 
for which we simultaneously achieve full regularization of the emission, spatial field 
localization and temporal stability. Temporal instabilities arising from pulsed regimes appear 
for a restricted island of parameters, see Fig. 4.f. Interestingly, the laser is temporally stable at 
the maximum concentration area for the considered pump value, above threshold. Simulations 
also show that the temporal stability of the localized state is mainly controlled by the balance 
between pump and refractive index modulations, namely the value of m2, while the spatial shift 
between potentials, m3, determines the spatial instability.  
 
 
Fig. 5. (a) Intensity at the center, x = 0, I0 as a function of pump, p0, and the pump modulation 
amplitude m1, assuming the optimized corresponding values for the index modulations 
amplitudes m2 and m3. The solid line indicates the pump threshold for lasing. (b) Intensity 
concentration, c = I0/<I(x)>. (c) Central intensity I0 (dashed curve) and mean intensity <I(x)> 
(solid curve) for different values of the pump p0, as a function of m1. The unmodulated case 
(black curve) is depicted for comparison. (d) Central intensity for p0 = 1.23 showing a transition 
around m1=0.2 with different transverse mode localization profiles, when integration is 
performed increasing/decreasing the m1 value. All other parameters are the same as in Fig. 4.a. 
except 𝑟𝐿 = 0.04.  
We finally analyze the BAS laser general performance in different working conditions -as 
a function of the input homogeneous pump, p0, and pump modulation amplitude, m1, keeping 
the index modulation amplitudes, m2 and m3, optimized and proportional to m1-. As might be 
expected, increasing m1, the lasing threshold of the central area decreases leading to two clear 
different lasing regimes, see Fig. 5a. For small pump powers, lasing is mainly restricted to the 
central area, leading to a significantly high intensity concentration factor, see Fig. 5b. 
Interestingly, for sufficiently high modulations of the BAS laser a bright and narrow beam is 
generated even below the homogenous laser threshold (p0 = 1.2). Above threshold, 
amplification occurs in all the active material, and localization persists. The mean generated 
intensity increases with the pump, almost independent of the potential, either for the 
unmodulated or modulated BAS lasers, see the dotted curves in Fig. 5c. We note that for small 
modulation amplitudes of the local PT-symmetric potentials the peak intensity I0 grows faster, 
increasing pump while having less concentration. This is attributed to the existence of several 
transverse modes for the peak profile, see Fig. 5d. Moreover, the lasing threshold line in Fig. 
5a shows clear different slopes in the p0-m1 plane for both peak transverse profiles. The 
transition between these profiles for a given value of the modulation amplitude, does neither 
show hysteresis nor bistability, Fig. 5d. These calculations intended to regularize the BAS laser 
radiation, while performed for a set of parameters, are restricted to realistic values, including 
actual values of the cavity reflectivity (which however could be generalized using Fig. 3).  
 
To conclude, we propose to use local PT-symmetric potentials to tailor and control the 
complex spatiotemporal dynamics of BAS amplifiers and lasers. We propose to introduce 
modulations in the pump and refractive index with a central symmetry axis (at x = 0) to induce 
local PT-symmetry. While the pump modulation is a symmetric harmonic modulation the 
required double harmonic index modulation is intended to generate a symmetric and local PT-
symmetry by introducing a dephased index modulation while compensating the index 
modulation induced by the pump modulation trough the Henry factor (which is in phase with 
the pump). The field regularization mechanism relies on the inward coupling of the light 
generated in the active layer, which directs and concentrates light from each of the two half-
spaces (x<0 and x>0) towards the center. The maximum localization regimes are first 
analyzed for a BAS amplifier. Exploring the relative amplitudes of the modulation of the pump 
and the index, we observe a significant intensity field enhancement and concentration of the 
emitted beam as compared to the unmodulated amplifier, coinciding with inward PT-symmetric 
coupling. The results are further numerically confirmed in the more engaged case of the BAS 
laser, where both forward and backward field components are considered in the model. In this 
case, the character of the symmetry center (controlled by a general phase, Φ) plays a more 
important role. When the center holds a high effective refractive index, with two side gain-
maxima (Φ = /4), the local PT-symmetry potential induces simultaneously stable and 
regularized emission for a wide range of modulation amplitudes. It is worth to mention that this 
area of temporal stability partially coincides with the maximum concentration area in a twofold 
benefit. The system is studied under different working conditions of input power and mirror 
reflectivities, observing a substantial filed regularization, especially for pumps below and close 
to the unmodulated laser threshold. The proposed scheme renders BAS lasers into spatially and 
temporally stable laser sources emitting a narrow and enhanced beam. Moreover, the proposed 
scheme is general and can be applicable to other BAS lasers to improve their performance.  
 
References 
1.  A. Müller, S. Marschall, O.B.  Jensen, J. Fricke, H. Wenzel, B. Sumpf and P.E. Andersen, “Compact green-
diode-based lasers for biophotonics bioimaging,” Laser Phot. Rev. 7(5), 605–627 (2013). 
2. L. A. Eldada, “Advances in telecom and datacom optical components,” Opt. Eng. 40(7), 1165-1179 (2001).  
3. G. P. Agrawal, P. Govind, and N. K. Dutta, “Semiconductor lasers.” Springer Science & Business Media, (2013). 
4. J. Othsubo, “Semiconductor Lasers: Stability, Instability and Chaos,” Springer, Heidelberg, (2013). 
5.  F. Prati and L. Columbo, “Long-wavelength instability in broad-area semiconductor lasers,” Phys. Rev. A 75, 
053811 (2007). 
6. O. Hess, S. W. Koch, and J. V. Moloney, “Filamentation and beam propagation in broad-area semiconductor 
lasers,” IEEE J. Quantum Electron 31, 35 (1995).  
7. V. I. Bespalov and V. I. Talanov, “Filamentary structure of light beams in Nonlinear liquids,” J. Exp. Theor. 
Phys. Lett. 3, 307 (1966).  
8. Doo-Hyun Ko, Stephen M. Morris, Alexander Lorenz, Flynn Castles, Haider Butt, Damian J. Gardiner, Malik 
M. Qasim, Bodo Wallikewitz, Philip J. W. Hands, Timothy D. Wilkinson, Gehan A. J. Amaratunga, Harry J. 
Coles, and Richard H. Friend, “A nano-patterned photonic crystal laser with a dye-doepd liquid crystal,” Appl. 
Phys. Lett. 103, 051101 (2013) 
9. R. Herrero, M. Botey, M. Radziunas and K. Staliunas, “Beam shaping in spatially modulated broad-area 
semiconductor amplifiers,” Opt. Lett. 37(24), 5253-5255 (2012). 
10. S. Kumar, R. Herrero, M. Botey, and K. Staliunas, “Suppression of modulation instability in broad area 
semiconductor amplifiers,” Opt. Lett. 39(19), 5598-5601 (2014).  
11. W. W. Ahmed, S. Kumar, J. Medina, M. Botey, R. Herrero, and K. Staliunas, “Stabilization of broad-area 
semiconductor laser sources by simultaneous index and pump modulations,” Opt. Lett. 43(11), 2511-2514 (2018).  
12. W. W. Ahmed, S. Kumar, R. Herrero,  M. Botey, M. Radziunas and K. Staliunas, “Stabilization of flat-mirror 
vertical-external-cavity surface-emitting lasers by spatiotemporal modulation of the pump profile,” Phys. Rev. A 
92, 043829 (2015). 
13. C. M. Bender and S. Boettcher, “Real Spectra in Non-Hermitian Hamiltonians Having PT Symmetry,” Phys. 
Rev. Lett. 80, 5243 (1998). 
14. A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti, M. Volatier-Ravat, V. Aimez, G. A. Siviloglou, and D. N. 
Christodoulides, “Observation of PT-Symmetry breaking in complex optical potentials,” Phys. Rev. Lett. 103, 
093902 (2009). 
15. C. E. Ruter, K. G. Makris, R. El-Ganainy, D. N. Christodoulides, M. Segev, and D. Kip, “Observation of parity-
time symmetry in optics,” Nat. Phys. 6, 192 (2010).  
16. R. El-Ganainy, K. G. Makris, D. N. Christodoulides, and Z. H. Musslimani, “Theory of coupled optical PT-
symmetric structures,” Opt. Lett. 32, 2632 (2007). 
17. W. W. Ahmed, R. Herrero, M. Botey and K. Staliunas, “Locally parity-time-symmetric and globally parity-
symmetric systems,” Phys. Rev. A 94, 053819 (2016). 
18. W. W. Ahmed, R. Herrero, M. Botey, Z. Hayran, H. Kurt and K. Staliunas, “Directionality fields generated by a 
local Hilbert transform,” Phys. Rev. A  97(3), 033824 (2018). 
19. O. Gazzano, S. de Michaelis Vasconcellos, K. Gauthron, C. Symonds, J. Bloch, P. Voisin, J. Bellessa, A. Lemaitre 
and P. Senellart, “Evidence for Confined Tamm Plasmon Modes under Metallic Microdisks and Application to 
the Control of Spontaneous Optical Emission,” Phys Rev. Lett. 10(7), 247402 (2011). 
20. J. P. Bade, E. A. Baker, A. I. Kingon, R. F. Davis, and K. J. Bachmann, “Deposition of oxide films by metal‐
organic molecular‐ beam epitaxy,” J. Vac. Sci. Technol. 8, 327 (1990). 
21. G. P. Agrawal, “Fast-Fourier-transform based beam-propagation model for stripe-geometry semiconductor 
lasers: Inclusion of axial effects,” J. Appl. Phys. 56, 3100 (1984). 
22. E. A. Ultanir, D. Michaelis, F. Lederer, and G. I. Stegeman, “Stable spatial solitons in semiconductor optical 
amplifiers,” Opt. Lett. 28, 251 (2003).  
